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Turbulent Wake of a Thin, Flat Plate

Irwin E. Alber*
Areté Associates, Santa Monica, Calif.

An analytical solution is developed in two near-wake regions using an inner and outer layer coordinate ex-
pansion technique. In region I, extending downstream approximately ten initial sublayer thicknesses, a laminar
inner wake grows into the trailing-edge laminar sublayer yielding the Goldstein solution, where the centerline
velocity and inner thickness grow as x**. In region II, extending downstream approximately ten full boundary-
layer thicknesses, a turbulent inner layer grows into the initial logarithmic layer; here the centerline velocity is
shown to increase logarithmically with downstream distance. Comparisons of the solution are made with the

near-wake data of Chevray and Kovasznay.

Nomenclature

B =law-of-the-wall constant =5.0

Cp = flat plate drag coefficient

E,(9),E;(y) =exponential integrals

S(n) =stream function similarity variable (region
I)

F’ (3) =velocity similarity variable (region II)

g2(x) =length variable, nondimensional (region II)

£ =Prandtl mixing length

L =plate length

P = static pressure

R = Reynolds number based on plate length

u*,v* =mean velocities, physical variables, along
and normal to wake axis

u,v =nondimensional velocities, u*/u_, v*/u,

u, = friction velocity, (7,,/p)

—u'v’ =turbulent Reynolds stress divided by p

x*y* =physical distance along and normal to wake
axis

X,y =nondimensional distance, e.g., x*u, /v

2y =roughness height

6 =wake or boundary-layer thickness

3 =inner layer thickness

€ =turbulent eddy diffusivity

7 =similarity variable y/3x* (region I) and
y/g(x) (region II)

K =Karman’s constant =0.41

v = kinematic laminar viscosity

o = fluid density

Ty = wall shear stress

0 =trailing-edge momentum thickness

Subscripts

® =freestream

¢ =centerline

PG =pressure gradient

Superscripts

()’ =differentiation of f(n) with respect to 5 or

fluctuating component of velocity
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I. Introduction

ALCULATION of the viscous wake immediately

downstream of the trailing edge of a thin flat plate
represents not only a classical problem in fluid mechanics but
an important aerodynamics problem related to the prediction
of lift and drag on thin airfoils. For most engineering ap-
plications, the Reynolds number, based on plate length, is
large enough for the trailing-edge boundary layer to be
considered fully turbulent. Analytical solutions for the wake
downstream of the trailing edge (pioneered by Goldstein!)
have been obtained primarily for the case of a laminar initial
boundary layer with laminar viscous stresses in the near wake.
While various numerical treatments exist for the equivalent
turbulent problem (e.g., Bradshaw,? NASA Free Turbulent
Shear Flow Conference,? Burgraff4), no comprehensive
turbulent mathematical analysis exists which corresponds to
Goldstein’s treatment of the laminar near wake.

The development of the corresponding turbulent near-wake
analysis is the subject of this paper. Emphasis will be placed
on two inner regions near the trailing edge shown in Fig. 1.
Basically, region I is the laminar growth of the inner wake
layer into the laminar sublayer. Region II is the turbulent
growth of the inner wake into the remnant of the initial wall
logarithmic layer. The outer wake layer for these two regions
represents, as will be shown, the convected remnant of the
upstream boundary layer responding slowly to the changed
boundary conditions transmitted to it by the inner wake.

In the turbulent near-wake problem posed here, the initial
boundary layer is assumed to be an equilibrium constant
pressure turbulent boundary layer. For this boundary layer,
as in Goldstein’s laminar case, we can distinguish a very small
region near the wall where the mean velocity is linear in the
vertical dimension y*. Based on the usual law-of-the-wall
scaling for the laminar sublayer, we can describe the initial
laminar sublayer mean velocity profile (at the trailing edge) by
the linear relationship

= (laminar sublayer) 1)

This linear profile is approximately valid in the region close to
the wall where y*u, /v <11-20.

In the laminar sublayer region of the initial boundary layer,
the turbulent Reynolds stresses are -assumed to be small
compared to the laminar viscous stresses. If we adopt an eddy
viscosity model for the turbulent Reynolds stresses, i.e.,
—u’v’ =edu*/dy*, then e/v<1 in the sublayer region.
Because of the presence of the linear sublayer velocity profile
near the wall at the trailing edge, we can expect, for a short
distance just downstream of the trailing edge, that a laminar
““inner’’ wake should develop which behaves like the inner
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Fig.1 Near- and far-wake regions; turbulent wake of a flat plate.

laminar Goldstein solution. As we will show in Sec. II of this
paper, the initial inner wake solution (region I) will be of the
Goldstein form (written in “‘wall’’ variables)

w*u, = (x*u /vy B[ () @)

Asymptotically, for large », the similarity function f}(n)
behaves as

So(n) ~n n—o

SEIIERT

Note that the thickness of the laminar inner wake increases
with axial distance to the one-third power. The linear velocity
profile outer boundary condition will be approximately valid
only as long as the thickness of the inner wake layer does not
exceed the height of the initial laminar sublayer, i.e.,
8,u./v<11-20. Thus Eq. (3) implies that the region for
“‘laminar-like”” wake development, referred to as region I,
will be small—in the range 0< (x*u./v) <50-400. Over this
downstream distance, the centerline axial velocity will have
increased rapidly from zero to about u} /u.=6-12, i.e., to
u% /ul, =0.24-0.48. Thus the centerline velocity will have
increased to a substantial fraction of the freestream velocity in
an axial distance of only about 0.1 to 0.4 initial boundary-
layer thicknesses (R;=1.5Xx104).

Downstream of the point where the inner wake has
“consumed’’ the laminar sublayer, the inner wake will next
being to ‘‘eat’” into the logarithmic remnant of the trailing
edge boundary layer. This portion of the x* axis is called
region II (see Fig. 1).

In the logarithmic or law-of-the-wall part of the initial
turbulent boundary layer, the mean velocity profile can be
described by the well-known expression?:

with

u* 1 y*u
= a4+
K

(logarithmic region) 4
u

- 14

where « is Karman’s constant =0.41 and B=5.0.

In the logarithmic layer upstream of the trailing edge, the
Reynolds stress is nearly constant and the turbulent eddy
diffusivity is assumed much larger than the laminar dif-
fusivity e/v> 1. In the logarithmic layer, the eddy diffusivity
increases linearly with distance from the wall according to

e=ku y* (logarithmic layer) (5)

To simplify the analysis for the region II inner wake
development, we assume that the linear eddy diffusivity
relation [Eq. (5)] is also valid in the near wake and holds all
the way down to the wake axis (i.e., e=«u, ly*1). Thus we
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ignore a region extremely close to the axis where e may level
off at a small constant value. Other more complex models
may be utilized, e.g., Bradshaw,? but the simplicity of the
present treatment is lost.

The scaling for the region II inner wake (given in Sec. II1) is
developed along lines similar to that used by Townsend #° for
the problem of the adjustment of a turbulent boundary layer
to a sudden change in surface roughness. Townsend showed
that after a step change in surface roughness, an inner layer
(with similarity or self-preserving structure) develops within
an initial logarithmic outer layer. He showed that the scale
height &, of the inner layer is determined by the expression

6
b, (82> 1) =21 ©
<9

where z, is the local surface roughness height. Equation (6) is
valid provided that f(8,/z,) is large and the change in
friction velocity is also large.

In the analysis for the region II wake, the characteristic
upstream length scale is »/u,. The growth of the inner layer
for a region II similarity solution will be shown to be given by
an analogous expression with »/u_ replacing z,.

The corresponding centerline velocity for such an inner
wake will subsequently be shown in Sec. II1 to be of the form

*

1
=~ lng (X) +F7(y7/5,)] M

T

where g(x) and §,(x) are determined by the similarity
requirements imposed by Eq. (7) on the equations of motion.

As brought to this author’s attention® after a first draft of
this paper had been written, a similarity solution for turbulent
inner wake growth in region II was, in fact, first developed by
Robinson’ in 1967 as part of an NPL report. Assuming self-
preserving forms for the terms in Townsend’s kinetic energy
equation, Robinson correctly derived the logarithmic increase
of centerline velocity for region II as indicated by Eq. (7).
Robinson, however, was not able to verify the logarithmic
wake velocity behavior by making comparisons with detailed
wake velocity data.

In this paper, the region II inner wake solution will be
shown to be a valid similarity solution when developed ac-
cording to a series expansion for F’(y), valid when
I (6,u,/v) > 1. Note that the logarithmic term in x given in
Eq. (7) is readily suggested by the asymptotic requirement that
(u/u,) ipnee = (/&) (y*u_ /v)y +B, as  (Y*U,/v)ipper — ©-
Thus, the inner wake will show a slow logarithmic increase in
the centerline velocity in region II, following the initial rapid
rise which occurs in region I. It should be added that the
“‘outer”’ layer in region II will be perturbed by the negative
vertical velocity induced by the acceleration of the inner wake.
The basic form of the outer solution will be given at the
conclusion of Sec. III.

Comparisons of the wake velocity field solution with the
mean velocity near-wake data of Chevray and Kovasznay ¢
will be presented in Sec. IV. As will be shown, these com-
parisons validate the logarithmic growth of wake centerline
velocity for region II. Hence, the scaling of near-wake cen-
terline data using the far-wake formula (u} —
uy Y/ul ~(x*/CpL) % will be shown to be incorrect for
distances less than approximately ten boundary-layer
thicknesses from the trailing edge.

Finally, as in the triple-deck analysis of Stewartson!! and
Messiter, !> we note that the near-wake analysis must be
formally corrected to allow for viscous-inviscid interactions
near the trailing edge (induced pressure gradients) in order to
avoid singularities in the inner wake vertical velocity com-
ponent at the trailing edge. Further steps are required to
modify the present turbulent wake analysis in order to allow
for the effects of induced pressure gradients. These *‘triple
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deck’’ modifications are briefly discussed at the conclusion of
this paper. We find that the scaling for such interactions
follows the work of Lighthill!3 on interacting compressible
boundary layers.

II. Laminar Sublayer Near Wake (Region I)

Goldstein’s! coordinate expansion solution for the inner
and outer laminar wake layers can be applied directly to the
problem of the initial region of turbulent wake development
(region I), where laminar diffusion dominates near the axis.
For distances x*u_ /v <0(102), the inner wake layer grows into
the laminar sublayer of the initial boundary layer.

The variables appearing in the Reynolds’ averaged
boundary-layer equations are written in ‘‘law-of-the-wall”’
coordinates in order to readily introduce the initial turbulent
boundary-layer velocity profile in its ‘‘law-of-the-wall”’
format. Nondimensional variables are defined by

x=x*u./v, y=y*u. /v, u=u*/u, v=v*/u,

The origin of the coordinate system is taken to be the
trailing edge of the flat plate, with x along the axis of the two-
dimensional wake in the freestream direction, and y normal to
it.

Using an eddy diffusivity representation for the Reynolds
stressterm —u’v’, we have the following nondimensional
forms for the continuity and axial momentum equations
(assuming zero pressure gradient in the wake dP/dx = 0)

ou odv

&+5;—0 ®
ou ou d €\ ou
u  w_dr( _)_]
“x T ay[<+» 3y ©)

For the laminar sublayer wake development in region I, we
assume that e,,../»v<1. Hence, Eq. (9) can be written in the
laminar boundary-layer form

du du d°u ,
ua +v$ = 5)7 (region I) (10)

The boundary and initial conditions are:

)
£=v=0 for x>0, y=0 a1

u(0,y)=y for y>0, x=0 (12)

Note that we have neglected additional higher-order terms in
the Taylor’s series expansion for u (0,y).

The first term in the Goldstein power series expansion for
the inner wake thus constitutes the similarity solution for the
region I development, i.e.,

1
u= X1 (n) (13)
For the continuity equation, Eq. (8), the normal velocity is
1
v=— x5 2 —nf') (14)
The similarity variable 9 is given by

n=§(y/x1/5) 1s)

and primes denote differentiation with respect to 5. Sub-
stituting Eqs. (13) and (14) into the momentum equation, Eq.
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(10), vyields Goldstein’s nonlinear ordinary differential
equation for f(n)

S =2 =" =0 (16)
f(0)y=f"(0)=0 amn

The linear form of the initial velocity profile,
u=u(0,y) =y, sets the outer boundary condition for f(7).
For x—0, with g fixed,

S (n)—9n as p—oo (18)

For small %, Goldstein developed the following power series
expansion for f’ (n)

2 4
S =Bo+B3 T 283 L 4. (19)

The axis velocity constant 3, is determined by the asymptotic
form for f’ (n) according to

Bo=llim (/" (n) /) /lim Fj(n)]?" (20)
L indd n—®
where Fj(84n) =f" (n) and F} satisfies Eqs. (16) and (17)
with the axis boundary condition Fy(0) = 1.

Using the numerical value given by Goldstein, im  Fj=4y,
=0.84712, and the constant of proportionality"g—io\‘;en in Eq.
(18), one finds that 3, =4.8328. Hence the centerline velocity,
according to Eqgs. (13) and (19), is

u(x,0)=1.61093x13 x>0 21

The wake centerline velocity in terms of physical coordinates
and parameters can then be rewritten as

wy /u,=1.61093(x*u,/v) 13 (22)
For large 7, Goldstein found numerically that the asymptotic

form of the similarity solution included a constant of in-
tegration such that

lim Fj(B§n) —v,(BFn+5,) (23)
n—®
with
0= gy =0.84712, 8,=0.65364 49

Hence the limiting solution for u at large y is:

. 1
lim u-y+ 3507050)‘1/3 =y+0.89199x '3 2%

y—®

The corresponding asymptotic form for the vertical velocity
component v is

) ) ,
lim v~ - §X1/3 [Yod0Bom + B4 v463) (26)
y~cn
Ji . 4 2 .
lim v~ — _x~2/3[705030]y_ma_0x—1/3 27
For large y, vis then given by
v~ —0.2973x"%3y (28)

The asymptotic character of the inner layer solution
motivated the form of Goldstein’s expansion solution for the
outer layer. In our turbulent case, the scale of the outer layer
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is of order y*/L=0(8/L)~O(u,/u,). Following Gold-
stein’s expansion procedure, the corresponding leading term
in the outer layer solution for small x would be [from Eqs.
(25) and (28)]

d
Uguier =4 (0,Y) +A(X) @[M(O,y)] 29

Vouter = — A" (x)u(0,) (30)

outer

where, matching with the inner solution, we find that
1
A(x) = gﬁayoaox”j (31

The outer velocities, given by Eqgs. (29) and (30), correspond
to a solution of the inviscid equations of motion for the outer
layer (i.e., all viscous terms are ignored). The function A4 (x)
represents simply the displacement effect correction to the
outer flow induced by the acceleration of the inner layer.

The inner and outer solutions, represented by Eqgs. (13),
(14), and (29-31), are of course only valid in wake region I
over a short distance downstream of the trailing edge of the
flat plate, of the order of 10-100 initial laminar sublayer
thicknesses. The theory for the wake development in region
II, downstream of the rapid laminar acceleration of region I,
is given next.

1II. Turbulent Logarithmic Near
Wake (Region II)

The solution in region II (102<x*u,/v<10%) treats a
portion of the near wake where it is assumed that the tur-
bulent velocity and length scales are still of the same order as
in the logarithmic portion of the trailing-edge boundary layer
[\/172 =0(u,), £~0(y)]. The diffusion process is assumed
dominated by turbulent, rather than laminar, mixing (i.e.,
e/v>1). Using the linear form for the eddy diffusivity [Eq.
(5)], the normalized momentum equation for the wake (y =0)
is given by

ou Ju 9 [ au]

- — = - 32
“ox T Ty ¥ 32)
We seek a solution of Eq. (32) and the continuity equation
[Eg. (8)] which is valid for large x such that, for a fixed value
of x,

lim w~ (I1/k)tny+B (33)

Yy~

A. Similarity Solution for Region 11
Equation (33) suggests a solution of the form

u=S(x)+ (1/«)F' (n) 34)

where n=y/g(x) and primes denote differentiation with
respect to 5 or x. From the continuity equation,

v=—S8"ng+g (nF' —F)/x (3%

Substituting for # and v into the momentum equation [Eq.
(32)] and collecting the dominant terms on the left-hand side
of Eq. (36) yields

" I gIS " 7 S/ 7 " g/ "
F"n)" + 5= [F"n) —gSS =g—K~[F —1F"1- 2 FF" (36)

To obtain a similarity solution for F (for large x or g), we
must set the two functions of x, appearing as coefficients on
the right-hand side of Eq. (36), equal to constants. Without
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loss of generality, we can write
g'S/k=1, gS§' =1 37

Thus, upon integrating’ Eq. (37), we find that the two x-
dependent functions S and g satisfy

S(x) = (1/k)ng (x) (38)
and
g(x)ltng (x) —I1=x2x (39)
Note that in Eq. (39) there is some arbitrariness in the origin
of x. For convenience we set the origin at x equal to zero,
which corresponds to the condition g=e’.
Using Eqs. (38) and (39), the momentum equation [Eq.
(36)] is then rewritten as

1
(F"n) +[F" )= 1= oo [ —nF" —FF"] (40)

When Ing is large F(7n) can be expanded in series as

1 ' 1
F=F0(ﬂ)+&EFI(W)+WF2(7I)+--~ C2))

i.e., when 1/fg<1.
Thus, from Eq. (40) we see that F,(n) satisfies the linear
equation

[Foml’ +{Fml—1=0 (42)
and F; satisfies
[Fin]l” +[Fin)=F;—nFj—F,F§ 43)
Similar linear equations can be written for all the other
higher-order similarly functions, F, (5}, etc.
The boundary conditions for F,(») at the axis are given by

the requirement that v=0 on y =0 and that du/dy is bounded
as y—0. Thus the centerline conditions are:

Fy(0)=0 and lim yFj(y) =0 44)
n—0

To satisfy the boundary condition for large y (at fixed x),
given by Eq. (33), we require that

lim Fy—n+ Bk (45)

n—0

The boundary conditions for F, () are

F(0)=0, Lim 7Fj(n) =0, lim Fj(n)=0 (46)
n—0

n—

B. Integration of Similarity Equation for F, ()

To solve Eq. (42), subject to boundary conditions (44) and
(45), we first integrate the linear equation over 4 to obtain

Fij=(I—e~")/n 47

Upon integrating, once more we find that

F(’,=Fé(0)+g; [I_te_’]dt (48)

We can express the velocity profile function Fj () in terms
of the exponential integral, i.e.,

Fo=Fy(0) +y+bn+E,; (1) 49)
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where

®p !

Em=|""a 60

7

and v is Euler’s constant = 0.5772157.

The value of the similarity velocity constant at the axis
F;(0) is determined by the asymptotic boundary condition,
Eq. (45).

From Eq. (49),

lim Fj(n)~Fy(0) +v+bay

n—00
R S
e—"[I_-+__ ]~en
1+ Bk (28]
) 7’ .
Thus we find that
Fj(0) =Bx—y (52)

. This yields the first approximation for the wake centerline
velocity in region II, which when written in physical variables,
is:

uy I
=—[tg(x) —v]+B (53)
u, «

Rewriting Eq. (49) using Eq. (52), we have
Fo(n)=tn+E; () +Bx (54

A graph of F;(n) is shown in Fig. 2. Note the finite slope of
Fj at =0, and the asymptotic logarithmic form as n— co.

Upon integrating Eq. (54) once more with respect to 5, we
obtain (with F,,(0) = 0)

Fo(n) =nltan+E;(n) +Bc—1]+ (I—e"") (55)

C. Solution for F,(y)
Using the expression for F,(n) and its derivatives given
above, we readily find a first integral of Eq. (43):

-7
F;'=Fo<n>e7 +1E, (n) —Ei(n) +2(m+v)1"7 (56)

where

- -t

Ei(n)E—§ —dt (57)

)

is another form of the exponential integral.

Integration of Eq. (56) is not readily expressible in terms of
simple tabulated forms of. the exponential integral. A
numerical integration of Eq. (56) for F}(n) was performed
and the result is shown in the lower curve of Fig. 2. The
constant of integration F;(0) is again determined by the
asymptotic form for Fj, which requires that F; vanish for
large .

For large values of 5, the dominant term in Eq. (56) con-
tains Ei(n) . Since

lim Ei(n) ~e7/9 (58)
n—®

then F; has the slowly diminishing asymptotic form
lim Fj(n)~1/9 (59
n—a0

and by integration

lim F, () ~fan+C (60)

7=
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Fig. 2 Velocity profile functions; F;(y) and F;(y), B=5.0, x=0.41.

From the numerical solution (evaluated at n=10), we find
for the constants of integration

F1(0)=—0.992341, C=-1.343 61)
using B=5.0and x=0.41.

D. Outer Solution

To determine the leading order perturbation to the outer
initial boundary-layer profile #(0,y), we use the asymptotic
forms of the inner layer solution as a guide.

For the axial velocity, the first two terms in the series, given
by Eq. (41), yield

1 1,
u=" g0+ o+ )] ©)

Using the asymptotic forms, Eqgs. (51) and (59), for large
values of »,

1 1
lim u=- [Kng(x) +fnn+ Bx+ —] (63)
n—o K n%g
, I g (1
im u=>-ty+B+ — (—) 64
lim, U= —lny g \ 5y (64)

The logarithmic and constant terms in Eq. (64) represent
the lower limit of the outer initial velocity profile lyi%—o“ (x=
0,y), and the third term represents the derivative of the initial
u velocity profile for small y*/5. Thus we can express the
leading terms in the outer solution for v, (x,y) as

d
Uger (%,7) =u(0,Y) + A(x) & [u(0.3)] (65)

where A (x) =g/ (fng).
For the asymptotic vertical velocity v, we have

. 1
lim v=lim — [n(F5+ Z 1)

p—w  gem Ing Ing
(F + 1 F)] ——E oy +B+«C,] (66)
- — -~ K
“hg T ey 2

where C, =C—1— Bx.
Following the argument used in deriving the outer form for
uin Eq. (65), we can write

2
oner = = () 14(0) +C:) (©)
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For large values of y, 24
22124 - oooodlm
K\ 2 201227240 |- o o QODDD@A
Uguter ~ — (&Tg) u(0,y) (68) 18(-201-22-24 ?—_D___A _____ e o o 0 5 T ‘O'Z UzAA;p
1611812022 g AAOOO
.. . . 14161820 o —=EE -0
Note that the derivative with respect to x of the velocity | | | " p—-—-—-—-=---~- - - B0l o
. . . . .. 12[-14}- 16118
gradient coefficient 4 (x) appearing in Eq. (65) is: 10L12-- 1416
1obighgp—— - """ "7 77 2 R
2 1 10 12[ LI
K
A’(x)=(-—> [1—*] 69 10
g g % ut o8-
[T o ——-= REGION Il THEORY
For large values of fng, we can write 4 - Y;“T E,I,G,SLTA%‘T%EZOLUHON
2
v =_ A’ 0, 70 o Ll L P
(x)u(0,) (70) 0" L - o
viu v

Thus the region II outer solutions for u and v are coupled in
the same fashion as the leading terms of the corresponding
Goldstein solution for region I [Egs. (29) and (30)] with
different expressions for A’ (x).

IV. Comparisons with Turbulent Wake Data

Chevray and Kovasznay!® made detailed hot-wire
measurements of the mean and fluctuating velocity field in the
near wake of a two-dimensional thin flat plate (length =240
cm, width =50 cm). The characteristics of their trailing-edge
turbulent boundary layer were: Reynolds number based on
boundary-layer thickness Re;=1.5x10% (6=5.5 cm at
u/u, =0.99), and Reynolds number based on momentum
thickness Re,=1.6x103 (§=0.58 cm). The wall friction
velocity was estimated to be in the range 0.037
<u,/u, <0.047.

The measured initial velocity profile at x=_0is plotted in the
semilogarithmic ‘‘law-of-the-wall’’ format in Fig. 3. The best
fit to the data by the logarithmic formula, Eq. (4) with B=5.0
and «=0.41, yields a value for the trailing-edge friction
velocity . /u,, =0.043. This velocity scale factor is used in all
subsequent comparisons with the wake data of Chevray and
Kovasznay. 10

Chevray and Kovasznay note two features of their ex-
perimental results which lend credence to the assumptions
made in the present analytical model of the trailing edge wake
problem. First, they state that ‘“Leaving the trailing edge...
only the center portion of the flow changes and the outer
portion remains the same as the original boundary layer.”
This statement supports the concept of an inner layer growing
inside a nearly constant outer layer. Second, they note that,
although pressure measurements were not made (because of
very low dynamic pressures), ‘‘the constancy of the (wake)
momentum thickness in the downstream direction, clearly
indicates the absence of any significant pressure gradient.”
The pressure gradient dP/dx is, as previously stated, assumed
negligible in the present version of the near-wake analysis.

A comparison of the first-order solution for the inner wake
mean velocity with the wake data of Chevray and Kovasznay
is shown in Fig. 3. The first-order inner wake mean velocity
profile [from Eqgs. (34), (38), and (54)] is given by

;‘* %[ﬂng(* )+Em7+E1(n)]+B

or

s
v eu(y “r >+B+£E1(y/g(x)) an
14 K

u,x

where g (x) is given by Eq. (39).

Relatively good agreement between the theory and the
measured inner wake velocity profiles is seen in the region
y*u,/v<200. Equation (71), of course, does not treat Coles’
‘“‘law of the wake’’ region for y*u_/v>200.

Fig. 3 Near-wake velocity profiles in law-of-the-wall coordinates.
Data of Chevray and Kovasznay!®: o x*=x*u, /r=0; A x*=5 cm,
x*u /v=586; 0Dx*=20 cm, Xx*u /r=2342; ox*=50 cm,
x*u_/v=5855.
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Fig. 4 Centerline velocity (semilogarithmic plot).

From Eq. (71) it is readily seen that the mean velocity of the
inner wake solution always approaches the upstream
logarithmic law of the wall, for large values of y*u_/v. The
experimental data shown in Fig. 3 demonstrate that this
asymptotic behavior is approximately valid for the velocity
profiles at wake locations x*=5 cm (x*u,/v=1586) and
x*=20 cm (x*u,/v=2342) and begins to deviate from the
logarithmic form at x* =50 cm (x*u, /v=15855), about ten
boundary-layer thicknesses from the trailing edge. One would
thus expect that the region II inner wake solution would
become invalid at further downstream stations.

The development of the theoretical [Eqs. (22) and (53)] and
experimental centerline wake velocity with downstream
distance is shown in Fig. 4. Note that very close to the trailing
edge (x*u_/v<300), the two measured centerline velocity data
points tend to follow the equivalent laminar Goldstein
solution given by Eq. (22). For x*u_/»>300, the data follows
the first-order centerline logarithmic velocity solution [Eq.
(53)] quite closely. The good agreement up to distances
X*u, /v=3x10% is rather surprising, since for values of
x*u,/v>5%103, the outer logarithmic boundary condition
for the inner wake solution is not satisfied, as noted in the
preceding paragraph.t

In Ref. 10, as well as in the 1972 NASA Langley Con-
ference on free turbulent flows,? (for which this flat plate
wake flow problem was treated numerically by turbulent
modelers), the wake centerline velocity is always shown scaled

t+Andreopoulos 14 recently reported hot-wire measurements of the
turbulent near wake of a symmetric thin airfoil which show centerline
velocity data closely following the logarithmic behavior of Chevray
and Kovasznay. !0 Interestingly, it was stated by Andreopoulos that
“there is no theoretical justification for the semilogarithmic
relationship.””
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according to far-wake (region III) similarity scaling laws,
(ul —u% ) /ul ~ (x*) ~%. The present analysis shows that for
distances of 10 to as much as perhaps 100 initial boundary
layers downstream of the trailing edge, that the far wake
scaling is inappropriate and should be replaced by the scaling
given by Eq. (53) where the centerline velocity increases
approximately logarithmically with downstream distance.

V. Induced Pressure Gradients near
the Trailing Edge

The Goldstein solution for the vertical velocity v in region I
of the near wake indicates the inner wake induced inflow to
the outer layer, v . ~x ~??u(0,y) becomes singular at the
trailing edge of the flat plate, x=0. Stewartson!? and
Messiter 13 have shown in the laminar case that such an inflow
induces a pressure change in the outer potential flow, which is
of the same order as v, . By allowing the pressure and outer
boundary layer to couple in with the acceleration of the inner
- wake, Stewartson and Messiter were able to develop a
rationale theory for viscous-inviscid interactions at the
trailing edge which removed the singularity in v at x=0. The
formalism for this interaction theory is now commonly
referred to as the triple-deck theory [after Stewartson (1969)].
In this formalism, the lower deck asymptotically approaches
the Goldstein inner layer solution when the axial distance is
large compared to some pressure gradient length scale x*p.
The main deck which is inviscid but rotational in nature
couples the streamline displacement generated by the inner
wake to the pressure field of the upper deck, which is basically
a potential flow.

The first step in developing the corresponding triple-deck
formalism for the turbulent problem is to estimate the
horizontal and vertical scale sizes for the lower and middle
decks. To estimate the scale for pressure changes in the region
I wake, we note from inviscid potential flow theory that the
normalized outer pressure and outer vertical velocity [Eq.
(30)] are of the same order,

Pluer = P _ Uduter - (X*ur ) -2 (72)

oul Uy, v

In the lower deck, the pressure gradient is as given by Eq.
(72) and is of the order of the acceleration term in the axial
momentum equation. For an axis velocity growing like the
cube root of x [Eq. (22)], we find that the scale for pressure
gradient effects is given by

(59, Laz ] ~o0r (73)

v Ug,

In terms of plate length L,
xpG =L/[R(u,/ug) "] (74)

The corresponding vertical height scale is estimated by
equating the acceleration and diffusion terms in the lower
deck yielding

Yoo =L/[R(u,/ug)?"] 75

Lighthill 1¥ obtained basically the same result as Eqs. (74)
and (75) in his study of interacting supersonic boundary
layers.i Note that for moderate Reynolds numbers and
u /u,~0.04 the axial scale for region I pressure gradient
interaction is a very small fraction of a plate length. This
interaction scale is comparable with the distance for the

{For low speed laminar flows, wu, /u, ~O(R~%), yielding
xpg =0(R~3/8), yhs; =0(R ~3/8), which are the scales for Stewart-
son’s ! lower deck interaction solution for the corresponding laminar
problem.
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transition from region I to region II wake development,
x*u,/v~0(102), or about ten laminar sublayer thicknesses.

In region II one can also make an estimate for the pressure
gradient length scale, provided that one assumes that the
logarithmic solution for region II is carried back toward the
trailing edge. For significant pressure gradient effects, the log
of the axis scale parameter g(x), given by Eq. (39), is
estimated to be of the order

tele ~ 0] /(22 )] 9)

®

Equation (74) indicates that pressure gradient effects should
be confined to a region close to the trailing edge where
x*u_/v<100. Thus, pressure gradient effects will principally
be confined to region I and can, for the most part, be
neglected in region II as the data of Chevray and Kovasznay
seem to substantiate.

V1. Concluding Remarks

The present analysis has pointed out the importance of the
Goldstein region [ inner wake development and the
logarithmic inner wake development of region II, when one
examines the near wake close to the trailing edge of a constant
pressure flat plate flow with an initial turbulent boundary
layer.

The solution for the two regions is, of course, not complete.
The two regions should be joined by some sort of transitional
solution in which the laminar and turbulent eddy diffusivities
are of the same order. The behavior of other more complex
mathematical expressions for the region II inner wake eddy
diffusivity might be examined. Howgver, the simplicity of the
linear eddy diffusivity model solution perhaps would be lost.
Further studies of the turbulent trailing-edge problem might
undertake to give a more formal high Reynolds number
asymptotic derivation of the major features developed here
for the trailing-edge solution.

Finally, we should comment further on the results
presented in Sec. V. The pressure interaction scaling near the
trailing edge is only valid in the zero angle-of-attack case.
When external pressure gradient effects from the outer in-
viscid flow become dominant, as for a flat plate or airfoil at
angle of attack, it is clear that the scaling for inner wake
development will be noticeably altered. The work of Melnik et
al.'s on the airfoil trailing-edge problem, at large angle of
attack, produced a significant difference in scaling for
trailing-edge and near-wake effects because of the ‘‘imposed”’
external pressure field. If one posed the airfoil near-wake
problem for the case of a small angle of attack («) with a
cusped-type trailing edge, a formal analysis should merge
with the present treatment as o« —0. Whether this is significant
for the engineering problem of calculating viscous corrections
to airfoil lift can be examined perhaps in future treatments of
this problem for the case of a plate or wedge at finite angle of
attack.
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